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Calibration of smearing and cooling algorithms in SU3)-color gauge theory
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The action and topological charge are used to determine the relative rates of standard cooling and smearing
algorithms in pure S(B)-color gauge theory. We consider representative gauge field configurations’on 16
X 32 lattices a3=5.70 and 22x 36 lattices af3=6.00. We find that the relative rate of variation in the action
and topological charge under various algorithms may be succinctly described in terms of simple formulas. The
results are in accordance with recent suggestions from fat-link perturbation theory.
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I. INTRODUCTION comparing cooling and smearing, we also calibrate the ef-
fects of different smearing fractions, describing the balance
Cooling[1] is a well-established method for locally sup- between the unsmeared link and the smeared link.
pressing quantum fluctuations in gauge field configurations. There have been numerous studies of the dependence of
The locality of the method allows topologically nontrivial vacuum matrix elements on the number of smoothing
field configurations to survive numerous iterations of thesweeps. Of particular note is the observation of cooling as a
cooling algorithm. Applications of such algorithms are cen-diffusive procedur¢5], such that the distana affected by
tral to removing short-distance fluctuations responsible focooling is related to the square root of the number of sweeps
causing renormalization constants to significantly deviatever the latticen. This random walk ansatz was further in-
from 1 as is the case for the topological charge opef@pr Vestigated by introducing the lattice spaciagsuch thatd
An alternative yet somewhat related approach is the ap= a+/n takes on a physical leng{l6]. With this simple for-
plication of APE smearing3] to the gauge field configura- mula, it is possible to effectively relate results from lattices
tions. Because the algorithm is applied simultaneously to albf different 8 (a) and different smoothing sweeps Exten-
link variables, without any annealing in the process of a latsive work on removing the dependence of particular quanti-
tice update, the application of the algorithm may be viewedies on the number of smoothing sweeps was carried out in
as an introduction of higher dimension irrelevant operatordRef. [7]. There, highly improved actions are fine-tuned to
designed to improve the operator based on unsmeared linkstabilize the instanton action and size under cooling. More-
This approach also leads to the desirable effect of renormabver, a modification of the updating algoritH®] allows one
ization constants approaching 1. The net effect may béo define a physical length scale beyond which the physics is
viewed as introducing a form factor to gluon verti¢d$that  largely unaltered. Closer to the focus of this investigation,
suppresses largg? interactions and, as a result, suppressesome exploratory comments favoring the possibility of cali-
lattice artifacts at the scale of the cutoff. brating under-relaxed cooling were made in Ref. We will
The focus of this paper is to calibrate the relative rates ofend further weight to this possibility in the following analy-
cooling and smearing as measured by the action and the tsis.
pological charge. In doing so we aim to establish relation- This paper is divided as follows: Section Il briefly de-
ships between various algorithms and their internal paramscribes the gauge action and summarizes the numerical simu-
eters. It is well known that errors in the standard Wilsonlations examined in this study. Section Il presents the relax-
action eventually destrofanti-jinstanton configurations and ation algorithms and topological charge definition on the
this effect is represented in the topological charge as sharattice. Sections IV A and IV B present the numerical results
transitions from one integer to another. We find the timingfor the action and topological charge trajectories respec-
analysis of these topological charge defects to be central tively. A summary of our findings is provided in Sec. V.
understanding the behavior of the various algorithms.

To bridge the gap between cooling and smearing and dis- Il. LATTICE GAUGE ACTION FOR  SU,(3):
cover the origin of variations between these algorithms, we GAUGE ACTION
present a new algorithm for smearing the gauge fields which ) o .
we refer to as annealdd smearing o(AUS). In addition to The Wilson action is defined as
1
o _ | Se=B2 2 3ReT(1-U,,(X)], )
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TABLE |. Parameters of the numerical simulations.

Action Volume NTherm Nsamp B a (fm) Ug Physical volumefm)
Wilson 16%x 32 5000 1000 5.70 0.18 0.86085 2885.76
Wilson 24%36 5000 1000 6.00 0.10 0.87777 943.6

Gauge configurations are generated using the Cabibbo- 65 . .
Marinari [10] pseudo-heat-bath algorithm with three diago- > U,=kU where UeSU,2)
nal SU.(2) subgroups. Simulations are performed using a a=1
parallel algorithm on a Thinking Machines Corporations 6
(TMC) CM-5 with appropriate link partitioning. For the Wil- d ke=del 3 U
son action we partition the link variables in the standard an =de = )
checkerboard fashion.

Configurations are generated on a®%@2 lattice at The feature of the sum dBU,(2) elements being propor-
B=5.70 and a 2%x 36 lattice at3=6.00. Configurations are tional to anSU,(2) element is central to the algorithm. The
selected after 5000 thermalization sweeps from a cold startpcal SU.(2) action is proportional to
and every 1000 sweeps thereafter. Lattice parameters are
summarized in Table I. When required, we use the plaguette Re Ti(1—UU), (5)
definition of the mean link variable.

4

and is locally minimized when Re Tlr(U) is maximized, i.e.
when
I1l. COOLING AND SMEARING ALGORITHMS

Relaxation techniques have been the subject of a large Re T(UU)=Re Til), (6)
amount of study in lattice QCD over the past few ydars|.
Numerous algorithms have been employed to suppress t
high-frequency components of the gauge field configurations

H/ghich requires the link to be updated as

6 t
in investigating their semi-classical content. In the following 2 U
three subsections we consider three different algorithms that e Rt @
perform this task. U-U'=U""=Ul=—7—. (7)

Perhaps it should be noted that cooling algorithms have

been designed to render instantons stable over many hunRy 4 gy (3) level, one successivel . . .
c ) y applies this algorithm
dreds.of SWeeps. For gxample, de Forcram_dil. [7] havg to variousSU,(2) subgroups o8U,(3), with SU,(2) sub-
established a five-loop improved gauge action that achieve roups selected to cover t1%J,(3) gauge group
. .

this. Ho_wever, our interest_here is in using the defec_ts in th We explored cooling gauge field configurations using two
topologlcal cha_rge evolution under s_tandard coolmg. anddiagonalSUc(Z) subgroups. The cooling rate is slow and the
smearing algorlthms. based on the Wilson gauge action tglction density is not smooth, even after 50 sweeps over the
calibrate these algorithms. lattice. Addition of the third diagong U,(2) subgroup pro-
vides acceptably fast cooling and a smooth action density.
TheseSU.(2) subgroups are acting as a covering group for
the SU,(3) gauge group. One would therefore expect that

Standard cooling minimizes the action locally at each linkrepeated updates &U.(2) subgroups will better approxi-
update. The preferred algorithm is based on the Cabibbamate the ultimateSU,(3) link.
Marinari [10] pseudo-heat-bath algorithm for constructing
SU,(3)-color gauge configurations. A brief summary of a
link update follows.

At the SU,(2) level the algorithm is transparent. An ele-  Here we consider two algorithms for smearing the gauge
ment of SU,(2) may be parametrized dd=a,l +ia-o, links. APE smearing3] is now well established. Our alter-
Wherea is real anda?= 1. LetUM be one of the six staples nate algorithm AUS smearing is designed to remove insta-

associated with creating the plaquette associated with a IinR'“t'e.S of the APE algarithm and prowdg an mtermgdlate
algorithm sharing features of both smearing and cooling.

A. Cooling

B. Smearing

U,:
Uu: U, (x+ ,ZL)UL(X-F ;/)U,T,(x). 3) 1. APE smearing
APE smearind3] is a gauge equivariafii2] prescription
for averaging a linkJ ,(x) with its nearest neighbord ,(x
We define +7),v# u. The linear combination takes the form
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@ ~ ture may provide a more efficient method for finding the
U#(X)*U;(X)=(1—H)UM(X)+EET(X:M), (8)  fundamental modular region of Landau gauge in trying to
understand the effects of Gribov copies in gauge dependent

~ ~ guantities such as the gluon propagdtbt].
whereE(x;,u)=(2‘3:1U (X)), is the sum of the six staples

defined in Eq(3). The parametewr represents the smearing
fraction. The algorithm is constructed as follows: calcu-

late the stapless.(x;u); (ii) calculate the new link variable

U, (x) given by Eq.(8) and then reunitariz&J | (x); (iii)

once we have performed these steps for every link, th

smearedU,’L(x) are mapped into the origindJ ,(x). This

defines a single APE smearing sweep which can then be g2

repeated. Q=2 A== €upr TMFL0aF ()],
The celebrated feature of APE smearing is that it can be X 327 X

realized as higher-dimension operators that might appear in a ©

fermion action for example. Indeed, “fat link”” actions based . ;

on the APE algorithm are excellent candidates for an e1‘fi-Where the field strength tensor is

cient action with improved chiral properti€s3]. The param- i

eter space of fat link actions is described by the number of ~ a%g F,,(x)=— 3 [OW(X)—@LV(X)]

smearing sweeps,,. and the smearing coefficient. It is

the purpose of this investigation to explore the possible re- . .

duction of the dimension of this parameter space from 2 to 1. 310X~ 0,,()]|+0(@",

C. Topological charge

We construct the lattice topological charge density opera-
tor analogous to the standard Wilson action via the clover
definition of F,, . The topological charg®,_ and the topo-
‘?ogical charge densitg, (x) are defined as follows:

2. AUS smearing (10

The annealedJ smearing algorithm is similar to APE 3gnd O0,.(X) is
smearing in that we take a linear combination of the original

link and the associated stapl&s'(x; ). However, in AUS 0,,,(X)=U (00U (x+ @)Ul (x+1)UT(%)
smearing we take what was a single APE smearing sweep " T - -
over all the links on the lattice and divide it up into four +U, (U, (X+v—p)U (X m)U ,(X—pu)
partial sweeps based on the direction of the links. One patrtial " A A A A
sweep corresponds to an update of all links oriented in one of HUL(X= U (X = u=)U (X= u=v)
the four Cartesian directions denoteet1, . . . ,4.Hence in a XU (X= )+ UT(x= U (x= D)

partial sweep we calculate the reuniterizlelql(x) for all v v ©

p-oriented links and update all of these Iinl{y;(x) ><U,,(x+,&—;)UT(x). (11)
—U,(x)] at the end of each partial sweep. .

Thus the difference between AUS smearing and APH_ attice operators possess a multiplicative lattice renormaliza-
smearing is that in APE smearing no links are updated untifign factor, Q.= Zo(8)Q, which relates the lattice quantity
all four partial sweeps are completed, while in AUS smearQ, to the continuum quantitQ. Perturbative calculations
ing, updated smeared information is cycled into the calculaindicate Zo(B)~1—5.4518+ O(1/8%) [2]. This large
tion of the next link direction, a proceSS Commonly referredrenorma|ization causes a prob'em when one is Working at
to as annealing. In a sense AUS smearing is between coolin,gwelo, as Zo(B)<1. This implies that the topological
and APE smearing in that cooling updates one link at a timegharge is almost impossible to calculate directly. However,
AUS smearing updates one Cartesian direction at a time, anghen one applies cooling or smearing techniques to remove
APE smearing updates the whole lattice at the same time. the problem of the short range quantum fluctuations giving

As for APE smearing, the reunitarization of t88)(3)  rise to Z(8)<1, one can resolve near integer topological
matrix is done using the standard row by row Ortho'charge. One can apply the opera@® to cooled configura-
normalization procedure: begin by normalizing the firsttions or smeared configurations. The latter case may be re-
row; then update the second row byow2=row2  garded as employing an improved operator in which the
—(row2-rowl)rowl; normalize the second row; finally smeared links are understood to give rise to additional higher
setrow3 equal to the cross product pbwl androw?2. dimension irrelevant operators designed to provide a smooth

For SU,(2) gauge theory, cooling and smearing are idenapproach to the continuum limit.
tical for the case otvx=1 when the links are updated one at
a time. The AUS algorithm changes the level of annealing
and provides the opportunity to alter the degree of smooth-
ing. At the same time the AUS algorithm preserves the gauge We analyzed two sets of gauge field configurations gen-
equivariance of the APE algorithm f&U,(3) gauge theory erated using the Cabbibo-Marin4fi0] pseudo-heat-bath al-
[12]. As we shall see, it also removes the instability of thegorithm with three diagonab U.(2) subgroups as described
APE algorithm at large smearing fractioas This latter fea- in Table I. Analysis of a few configurations proves to be

IV. NUMERICAL SIMULATIONS
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sufficient to resolve the nature of the algorithms in question.
The two sets are composed of ten®¥@2 configurations
and five 24x 36 configurations. For each configuration we
separately performed 200 sweeps of cooling, 200 sweeps ¢
APE smearing at four values of the smearing fraction and
200 sweeps of AUS smearing at six values of the smearing¢ _
fraction. fﬂ
For clarity, we define the number of times an algorithm is o
applied to the entire lattice ag,, Napd @) andn,,d«) for
cooling, APE smearing and AUS smearing respectively. We
monitor both the total action normalized to the single instan-

10°
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ton actionS,=8?/g? and the topological charg®, (x) of

Eqg. (9) and observe their evolution as a function of the ap- 10" I ! ! !

propriate sweep variable and smearing fraction

For APE smearing we consider four different values for

the smearing fractioa including 0.30, 0.45, 0.55, and 0.70.

Larger smearing fractions reveal an instability in the APE

algorithm where the links are rendered to noise.

The origin of this instability is easily understood in fat-
link perturbation theory4] where the smeared vector poten-
tial aftern APE smearing steps is given by

9,9, | . 9.9,
n
f(q) ( —— |t
9? q?

Al D(q) = E A (),

12

reflecting the transverse nature of APE smearing. Here

~ 2 [aqg
qM=53|nTM (13
and
A~
fa)=1-5a* (14

For f(q) to act as a form factor at each vertex in perturbation
theory over the entire Brillouin zone

an aa
- —<q,<—,

a a (15

one requires-1<f(q)=<1 which constrainsr to the range
O<a=<3/4.

The annealing process in AUS smearing removes this in- e -
stability. Hence, the parameter set for AUS smearing con5|st\ 107 £ 3

of the APE set plus an extra twa;=0.85 and 1.00.

A. Action analysis
1. APE and AUS smearing calibration
The action normalized to the single instanton act®§,

can provide some insight into the number of instantons left
in the lattice as a function of the sweep variable for each
algorithm. However, our main concern is the relative rate at

which the algorithms perform. In Fig. 1, we sh@&iS, as a
function of cooling sweep on the 2436 lattice for five

FIG. 1. The ratioS/S, as a function of cooling sweeps. for
five configurations on the 3% 36 lattice at3=6.00. The single
instanton action i$§,=8m2/g.

different configurations. The close proximity of the five
curves is typical of the configuration dependence of the nor-
malized actionS/S;.

Figures 2 and 3 report results for APE and AUS smearing
respectively. Here we focus on one of the five configurations,
noting that similar results are found for the other configura-
tions. Each curve corresponds to a different value of the
smearing fractionx.

A similar analysis of the 18x 32 lattice at3=5.70 is also
performed, yielding analogous results. In fact, taking the
physical volumes of the two lattices into account reveals
qualitatively similar action densities after 200 sweeps.

Note that in Fig. 3 the curve associated with the smearing
parameterr=1.00 crosses over the one generated-a0.85,
when the sweep numbemn,«), is approximately 40
sweeps. Thug=1 is not the most efficient smearing fraction
for untouched gauge configurations. However, as the con-
pfigurations become smoothy=1.00 becomes the most
efficient.

5

107 T T T
10 |
b — - =045
3w ---a=0.55
\\x}\ ---—-a=0.70
10° F
101 ! ! !
0 50 100 150 200
n_ (a)

FIG. 2. The ratioS/S, as a function of APE smearing sweeps
Napd @) for a configuration on a 24 36 lattice atB=6.00. Each
curve has an associated smearing fraction
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— a=0.30
—— a=0.45
ZEEPPCR Y — - a=0.55
SEE: N --- a=0.70
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101 I I I
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FIG. 3. The ratioS/S; as a function of AUS smearing sweep
naud @) for a configuration on a 24 36 lattice at3=6.00. Each

curve has an associated smearing fraction
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FIG. 5. The ration,,{0.55),d @) versusnyd «) for numer-
ous threshold actions on the 22436 lattice at3=6.00. From top
down the data points correspondd4e-1.00, 0.85, 0.70, 0.55, 0.45,
0.30.

To calibrate the rate at which the algorithms reduce the

action, we record the number of sweepégq), required for
the smeared action to cross various thresh@egs This is
repeated for each of the smearing fractiensinder consid-
eration. In establishing the relative dependence for the
number of sweeps(a), we first consider a simple linear
relation between the number of sweeps required to c8pss

at onea compared to anothet’, i.e.

n(a’')=cy+cin(a).

Anticipating thatc, will be small if not zero, we divide both
sides of this equation by(«) and plot as a function of
n(«). Deviations from a horizontal line will indicate failings

of our linear assumption.

Figure 4 displays results far’ fixed to 0.55 for the APE

exceeding 10%. Fow=0.70 discretization errors the order
of 10% is clearly visible in both figures.

For the smearing fractioa=<0.85 both plots show little
dependence of(a’=0.55)h(a) on n(a). This supports
our simple ansatz of Eq16) and indicates that, is indeed
small as one would expect.

The non-linear behavior fax=1.00 in AUS smearing, in
Fig. 5, reflects the cross over in Fig. 3, far=1.00. For
unsmeared configurationg=1.00 appears to be too large.
Further study inSU.(2) is required to resolve whether the
origin of the smearing inefficiency lies in the sum of staples
lying too far outside the&sU.(3) gauge group for useful re-
unitarization or whether the annealing of the links in AUS
smearing is insufficient relative to cooling.

To determine thea dependence ofc;, we plot c;
=(n(a’=0.55)/(a)) as a function ofe. Here the angular

smearing algorithm and Fig. 5 displays analogous results fop ackets denote averaging over all the threshold values con-

AUS smearing. We omit thresholds that resultrif0.55)

sidered, i.e. averaging over data in the horizontal lines of

<10 as these points will have integer discretization errorgsijgs. 4 and 5.

2.0 T T T T T

1.8 |
1.6

W"&éwiﬁw*n “ % Py

1.0 F
o

v
2 —
:@06 XERRRIRRRPBROORO RH K R K 300K X X X X XX X XX

VEWDOVDOD® © @ @ @ @ o

Wiﬂ*w*;** TR R **

0.0 | | 1 | | | 1

%X

%

0 20 40 60 80 100 120 140 160 180 200

nape(a)

FIG. 4. The ration,,{0.55)h,,{ @) versusngd «) for numer-
ous threshold actions on the 2436 lattice at3=6.00. From top
down the data points correspondde-0.70, 0.55, 0.45 and 0.30.

Figure 6 for APE smearing and Fig. 7 for AUS smearing
indicate that the relationship betweepand« is linear with
zero intercept to an excellent approximation. Indeed, ignor-
ing the point ate=1 for AUS smearing, one finds the same
coefficients for thew dependence of APE and AUS smear-
ing. When the fits are constrained to pass through the origin,
one finds a slope of 1.818 which is the inversen6f0.55.
Hence we reach the conclusion that

nape(a,) a and Naud @) i.

nap(.(a) a’ Nad@) o' 17

This analysis based on the action suggests that a preferred
value fora does not really exist. In fact it has been recently
suggested that one should anticipate some latitude in the val-
ues forn(«) anda that gives rise to effective fat-link actions
[4]. What we have done here is established a relationship
betweenn(«) and «, thus reducing what was potentially a
two dimensional parameter space to a one dimensional
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2.0
1.8
A 16 | |

00 I I I I ! I I I I
0.0 0.1 02 0.3 04 05 06 0.7 08 0.9 10
a

FIG. 6. lllustration of the « dependence ofc,=(n(«a’
=0.55)/h(a)) for APE smearing. The solid line fit to the data
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o B D - ONE o + D% -+ X

0.0 I I I ! I I I 1 I
0 20 40 60 80 100 120 140 160 180 200

n [od
ape

FIG. 8. lllustration of the degree to which the relations of Egs.
(17) are satisfied for the action under APE smearing. Herax'

indicatesc, =1.838x—0.011 whereas the dashed line, constrained;nq,/=0.30. 0.45. 0.55. and 0.70. Data are from thé>236 lat-

to pass through the origin, provides a slope of 1.818.

tice at3=6.0.

space. This conclusion will be further supported by the topo-

logical charge analysis below.
To summarize these finding we plot the ratios

a'Ngpd a’)
aNgpd @)

a'Ngda’)

angda)’ (18

designed to equal 1, in Figs. 8 and 9 for APE and AUS

smearing respectively. Figures 10 and 11 report the final re-

sults of a similar analysis for APE and AUS smearing re-
spectively atB=5.7. Here thea=1.0 results are omitted
from the AUS smearing results for clarity.

2. Cooling calibration

Napd @) for APE smearing in Fig. 12. Figure 13 reports the
ratio n./n,,{ @) versusn,d a) for AUS smearing. At small
numbers of smearing sweeps, large integer discretization er-
rors the order of 25% are present,mads as small as 4. With
this in mind, we see an independence of the ratio on the
amount of cooling and smearing over a wide range of smear-
ing sweeps for both APE and AUS smearing. This supports a
linear relation between the two algorithms.

Averaging the results provides

nC
=0.330 and

—— =0.340
Napd 0.55

Ne
Na.d 0.55 (19

Here we repeat the previous analysis, this time comparingy more generally,
cooling with APE and AUS smearing. We make the same

linear ansatz for the relationship and pit/n,,{ @) versus

N¢=0.600a nd @) and n.=0.618an,da). (20)

2.0 T T T
18 - 2.0 T T T T
18 |
A 16 |
S 1.6 F ]
S 14 =~ 6
2 ~, 14 =
e 12 2
~ e 12 | -
o 1.0 S
0 ~ 1.0 | PPN UEONE ah © BB 5B Ll e Oy
o 08 | ’%\
~ =, 08 | —
gi 06 306
Vo4 - £v
04 -
02
0.0 i I 1 1 I 1 I I 0.2 B
00 01 02 03 04 05 06 0.7 08 09 10 0.0 et 11
a 0 20 40 60 80 100 120 140 160 180 200
naus(a)
FIG. 7. lllustration of the « dependence ofc,=(n(«a’

=0.55)In(a)) for AUS smearing. Fits to the data exclude the point  FIG. 9. lllustration of the degree to which the relations of Egs.
at a=1. The solid line fit to the data indicates=1.857¢—0.021  (17) are satisfied for the action under AUS smearing. Herex'
whereas the dashed line, constrained to pass through the origiand «’=0.30, 0.45, 0.55, 0.70 and 0.85. Data are from thé 24
provides a slope of 1.818. X 36 lattice at3=6.0.
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= 10F g’ 00 b EERFI%e g 6 © © ® T, oo
S 08 - 4 03 | oows ]
V& . g" “‘S;‘!.*s;s&\g;}“{?‘«;',v***“u O S - . *
=706 - 7 02 3 " -
= o4 L | &&&%&&@Mxy&%%kx%xwx* Xx oK Xx oK
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o n (29
ape ape

FIG. 10. lllustration of the degree to which the relations of Eqs.  FIG. 12. Ratio of cooling to APE smearing sweeps as a function
(17) are satisfied for the action under APE smearing. Herax' of the number of APE smearing sweeps. From top dawwD.70
and o’ =0.30, 0.45, 0.55, and 0.70. Data are from thé>82 lat- 0.55, 0.45 and 0.30.
tice at3=5.7.

A similar analysis of the 15x 32 lattice atB=5.7 pro-
Hence we see that cooling is much more efficient at smoothvides
ing than the smearing algorithms requiring roughly half the
number of sweeps for a given productofnd c. ne=0.572angpda) and n.=0.604anyda), (22

Equating Eqs.(20) provides the following relation be- .
tween APE and AUS smearing: with

aNgpd @)=1.06a"nyda’). (23
aNgpd @)=1.03a'n, {a’), (21
Here the change in the coefficient relating APE smearing to

summarizing the near equivalence of the two smearing aIgoC—OOIIng appears to be proportional £

rithms. It is important to recall that the annealing of the AUS

smearing algorithm removes the instability of APE smearing B. Topological charge density analysis

encountered at large smearing fractiomsThus AUS smear- Typical evolution curves for the lattice topological charge

ing offers a more stable gauge equivariant smoothing opperator of Eq(9) are shown in Figs. 14, 15 and 16 for APE

gauge fields. It offers faster smoothing due to its ability tosmearing, AUS smearing and cooling respectively. These

handle larger smearing fractions. This algorithm may be ofjata are obtained from a typical gauge configuration on our

use in studying Gribov ambiguities in Landau gauge fixing243x 36 lattice at3=6.00. The configuration used here is the

[12]. same representative configuration illustrated in Figs. 2 and 3
of the action analysis.
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n A
FIG. 11. lllustration of the degree to which the relations of Egs.
(17) are satisfied for the action under AUS smearing. Heren’ FIG. 13. Ratio of cooling to AUS smearing sweeps as a function
and o' =0.30, 0.45, 0.55, 0.70 and 0.85. Data are from th& 16 of the number of AUS smearing sweeps. From top dawwl.00,
X 32 lattice atB=5.7. 0.85 0.70, 0.55, 0.45 and 0.30.
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FIG. 14. Typical evolution curve of the lattice topological FIG. 16. Typical evolution curve of the lattice topological
charge operator as a function of the number of sweeps for APEharge operator as a function of the number of sweeps for cooling
smearing. Data are from the 2436 lattice a{3=6.00. Each curve  Wwith three diagonal S(2) subgroups on a 2436 lattice at
corresponds to a particular value and indicated. B=6.00.

The main feature of these figures is that the smearing or These curves look quite different for other configurations.
cooling algorithms produce a similar trajectory for the topo-Figure 17 displays trajectories for cooling on five different
logical charge. For most cases only the rate at which th@auge configurations. However, the feature of similar trajec-
trajectory evolves changes. In these cases, one can use thésges for the various cooling and smearing algorithms re-
trajectories as another way in which to calibrate the rates ofnains at3=6.0. To calibrate the cooling and smearing algo-
the algorithms. rithms, we select thresholds at topological charge values

After a few sweeps, the topological charge converges to avhere the trajectories are making sharp transitions from one
near integer value with an error of about 10%, typical ofnear integer to another. Table Il summarizes the thresholds
clover definitions ofQ at 3=6.0. The standard Wilson action selected and the number of sweeps required to pass though
is known to lose(anti-instantons during cooling due to the various thresholds. Note that the second configuration,
O(a?) errors in the action which act to tunnel through the C,, data entry in Table Il corresponds to the sampling of the
single instanton action bound. Given the intimate relation-curves illustrated in Figs. 14, 15 and 16.
ship between cooling and smearing discussed in Sec. Il itis At 8=5.7 we did not find analogous trajectories, suggest-
not surprising to see similar behavior in the topologicaling that the coarse lattice spacing and larger errors in the
charge trajectories of the smearing algorithms consideredction prevent one from reproducing a similar smoothed
here. The sharp transitions from one integer to another indigauge configuration using different algorithms. In this case
cate the loss of afanti-)instanton. the two-dimensional aspect of the smearing parameter space

remains for studies of the topological sector. That this might

6 T
8 T T T T T T
5 7 7
4 N -*\\\ = 6
ST TR 5
3 S 4
o — a=0.30 3
2 —— a=0.45 - <
—-- a=0.55 2
1 ---a=0.70 — 1
--- a=0.85 0
0 ----a=1.00 7 1
-1 | | I I | I I I I -2
0 20 40 60 80 100 120 140 160 180 200 -3 L L 1 L 1 1 L L 1
n_ (o) 0 20 40 60 80 100 120 140 160 180 200

aus

n

e

FIG. 15. Typical evolution curve of the lattice topological
charge operator under AUS smearing. Data are from ttfex 26
lattice at3=6.00. Each curve corresponds to a particulavalue
and indicated.

FIG. 17. The trajectories of the lattice topological charge den-
sity operator as a function of the number of sweeps for cooling on
typical 24x 36, 8=6.00 configurations.
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TABLE Il. Summary of the number of sweeps required to pass through various topological charge
thresholds. The selection of the thresholds is described in the text. Smearing fractoasndicated in the
table headings. Omissions in the table indicate that either the threshold was not met within 200 sweeps or the
trajectory diverged from the most common trajectory among the algorithms.

Config.  Threshold Cooling APE smearing AUS smearing
030 045 055 070 030 045 055 0.70 0.85 1.00
1.00 fall 2 3 3 2 - 3 2 2 - -
C, 1.00 rise 6 7 5 4 3 6 4 3 2 1 1
1.00 fall 10 41 28 24 20 35 24 19 15 25 17
1.25 rise 2 9 6 4 3 8 4 3 2 1 1
1.25 fall 6 25 17 14 12 24 17 13 11 - -
5.0 fall 11 52 35 29 23 49 33 26 20 16 13
4.0 45 - 178 146 114 - 169 137 110 84 69
35 55 - - 195 152 - - 189 142 120 101
C, 5.0 rise 3 18 12 10 8 12 11 9 7 5 4
4.0 2 11 7 6 4 10 6 5 35 3 25
35 1 8 5 4 3 8 5 4 3 2 2
3.0 1 7 4 35 3 6 4 3 25 2 2
2.0 rise 1 4 3 25 2 4 3 2 15 1 1
1.0 rise 2 11 7 6 4 10 6 5 3 2 2
1.0 10 94 62 49 36 - - 26 20 17 16
Cs 1.5 rise 3 25 17 15 11 21 13 11 8 6 6
1.5 fall 7 42 25 20 15 39 24 19 15 12 9
15 60 - 168 139 110 - 162 132 - - 190
6.0 20 - 135 110 85 - 136 112 88 - -
Cy 5.0 1 6 4 3 2 - 4 3 2 2 1
4.0 1 4 3 2 1 - 3 3 2 1 1

be the case is hinted at in Fig. 11 in which the ratio of AUS smearing respectively. Again we see an enhanced
smearing results fo3=5.7 lattices is not as closely con- spread of points at small numbers of smearing sweeps due to
strained to one as for th@=6.0 results in Figs. 9. integer discretization errors.

As in the action analysis, we report the ratio @#0.55 Data for large numbers of sweeps at small and latge
results to other value results within APE and AUS smear- values are absent in Fig. 19. The absence of points for small
ing. Figures 18 and 19 summarize the results for APE and values is simply due to the thresholds not being crossed
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2.67 I 7 2.67 I T
xxxx x=0.70 s
~ 283 f ereac05s ~ 233 .
T3 2.00 K~ cooo =045 - ~22.00 P - . i
© © A e
i 167 s aq=0.30 167 1+ . . ) .
8 133 B L . \ » . 8 133 7, ) . .
81 x x S I *
: 00 ;:0*0*8*0* o . o : 1.00 .;a: o: * : R
o6, 1 ® o6 T .
0.33 - 0.33 F ) _
OOO | 1 1 1 1 1 OOO | | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

n

ape

(o)

n
aus

(a)

FIG. 18. The ration,,d0.55)hy,d @) versusngda) for Q. FIG. 19. The ration,,{0.55)h @) versusn,d«) for Q.
from the data of Table Il extracted from the®2436 configurations  from the data of Table Il extracted from the®2436 configurations
at $=6.00. From the top down, the horizontal sets of points corre-at 8=6.00. From the bottom up, the symbols correspond to
spond toa=0.70, 0.55, 0.45 and 0.30. «=0.30, 0.45, 0.55, 0.70, 0.85 and 1.00.
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TABLE IlI. The average of the ratign,pd 0.55)h,,{ @)) or {n,,{0.55)h,{ @)) for the action analysis
(9 and the topological charge analy$3) from the 24x 36 lattice.

APE smearing AUS smearing

a 0.30 0.45 0.55 0.70 0.30 0.45 0.55 0.70 0.85 1.00
S 0.5411) 0.811) 1.0 1.2781) 0.5341) 0.8121) 1.0 1.2901) 1.5842) 1.4757)
Q 0.541) 0831 1.0 1.282 0.543) 0.8128) 1.0 1.281) 1.654) 1.906)

within 200 smearing sweeps. The absence of points for largeed (blue) and symmetric isosurfaces aid in rendering the
a values reflects the divergence of the topological chargshapes of the densities. In fixing tlecoordinate to a con-
evolution from the most common trajectory among the algostant, a three-dimensional slice of a four-dimensional 24
rithms. This divergence is also apparent in Fig. 5 where thex 36 gauge field configuration is displayed. Figurea?2l-
a=1.0 AUS smearing results fail to satisfy the linear ansatzlustrates the topological charge density after 21 APE smear-

While the data from the topological charge evolution areing steps aiw=0.7. The other three quadrants display APE
much more sparse, one can see reasonable horizontal bargtaearing, AUS smearing and cooling designed to reproduce
forming, supporting a dominant linear relationship betweerFig. 22a) according to the relations of Eq&l7), (20) and
various « values. Averages of the bands are reported in21). The level of detail in the agreement is remarkable.
Table Il along with previous results from the action analy-

sis. With the exception of the=1.0 AUS smearing results, V. CONCLUSION
the agreement is remarkable, leading to the same conclusions . _ _ . _
of the action analysis summarized in Ed7). The APE smearing algorithm is now widely used in a

In calibrating cooling via the topological charge defects,variety of ways in lattice simulations. Itis used to smear the
we report the ratian./n,,d0.55) as a function ofpd @) spatial gauge-field links in studies of glueball;, hybrid me-
andn,./n,,{0.55) as a function afi,,{ ) for APE and AUS  sons, the static quark potential, etc. It is used in constructing
smearing respectively. The results are shown in Figs. 20 an@t-link actions and in constructing improved operators with
21. smooth transitions to the continuum limit. We have shown

The data are too poor to determine anything beyond &hat to a good approximation the two-dimensionful param-
linear relation between, andnapd a) or ng{«). Averaging ~ €ter space of the number of smearing sweeps{«), and
the results provides the smearing fractiom may be reduced to a single dimen-

sion via the constraint
nC

Naud 0.59

Ne

nape(TSS) 03((3) and

:0333), n éa’,) o
ap _«
(24 Nepd @) o' @9

in agreement with the earlier action based results o B8).  satisfied fora and«’ in the range 0.3—0.7. This result is in
As a final examination of the relations we have estabupgreement with fat-link perturbation theory expectations, and

lished among APE smearing, AUS smearing and cooling alsyryives for up to 200 sweeps over the lattice. We expect this

gorithms, we illustrate the topological charge density in Fig.relation to hold over the entire APE smearing rangea0

22. Large positive(negative winding densities are shaded <3/4. We find the same relation for AUS smearing provided

1.0 1.0
0.9 7 09 h
0.8 r N 0.8 r h
= 0.7 r 7 = 0.7 r h
g o6 - i o 06 |
205 § 7505 | §
Foa ", . Foa - -
o3 b . s 203k ) .
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0.1 - - 0.1 - i
0.0 1 1 1 | | 1 1 1 ! 0.0 1 1 1 | | 1 1 1 |
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nape(0.65) n_ (0.55)

FIG. 20. Calibration of cooling and APE smearing via the ratio  FIG. 21. Calibration of cooling and AUS smearing via the ratio
Ne/Ngpd 0.55) versus,,{0.55). Ne /Ny d 0.55) versus, {0.55).
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FIG. 22. (Colon Topological charge density of a 2436 lattice for fixedx coordinate. Positivénegativé windings are colored red to
yellow (blue to greeh (a) illustrates the topological charge density after 21 APE smearing steps @f7. (b) illustrates the topological
charge density after 49 APE smearing stepa-a0.3. Relationg17) suggest these configurations should be similar and we see they are to
a remarkable level of detailc) illustrates the topological charge density after 20 AUS smearing steps@f. Relation(21) suggests these
configurations should be similar and again the detail of the agreement is excellent. Fhdllystrates the topological charge density after
9 cooling sweeps, motivated by relatio(®)). While the level of agreement is not as precise, the qualitative features of the smoothed
configurations are compatible.

a<0.85. For AUS smearing, annealing of the links is in- The topological charge analysis serves to confirm the ac-

cluded as one cycles through the Lorentz directions of theion analysis results g8=6.0 and further support these rela-

link variables in the smearing process. tions. However, it also reveals that@+5.7 different trajec-
The smoothing of gauge field configurations is often atories are taken. At3=5.7 different algorithms produce

necessary step in extracting observables in which the renosmoothed gauge field configurations with similar action, but

malization constants differ significantly from 1, as is the casejjtferent topological properties.

for the topological charge operator. It is also often used t0 A5 most modern simulations are performed3at6.0, the

gain insights into the nonperturbative features of the fieldg|ations of Eqs(25) and (26) will be most effective in re-
theory which give rise to the observed phenomena. We havgycing the exploration of the parameter space. It is now pos-
determined that cooling, APE smearing and AUS smearingip|e to arrive at optimal smearing by fixing the number of
produce qualitatively similar smoothed gauge field Conf'gu'smearing sweeps and varying the smearing fraction or vice
rations at8=6.0 provided one calibrates the algorithms as, o gq. Finally, it is now possible to directly compare the

follows: physics of smeared and cooled gauge field configurations in
_ — a quantitative sense.
N=0.600a Ngpd ), Ne=0.618a Nauf ) We have used the action and topological charge trajecto-
and ries to calibrate the various smoothing algorithms. While the
topological charge may be related to the topological suscep-
@ Ngpd @)=1.03a'ny,da’). (26)  tibility, it may be of future interest to introduce other physi-
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cal quantities such as the string tension as a measure pfoved cooling carry over into improved smearing and this

smoothing[8]. work is currently in progress.
It is well known that interpreting the physics of cooled
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